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-1 -1/...| -1/-4| -1/-3||-1/-2 L-l/-l -‘;/1 ?1/2 -1/3| -1/4| -1/5| -1/..

C | =H

0 o/..] o/-4| o0/-3]| o/-2[] 0/-1 \ 0/1 L 0/2 6/3 ‘}0/4 0/s| 0/..
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3 3/.. 3/-4| 3/-3| 3/-2| 3/-1 3/1 3/2 3/3 3/4 3/5 3/...
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The Real Numbers are Uncountable

Example:
Show that the set of real numbersis uncountable.
Solution:
This method is called the Cantor diagnalization argument, and is a proof by contradiction.
13 Suppose Ris countable.
Then the real numbers between 0 and 1 are also countable (any subset of a countable set is countable).
2. The real numbers between 0 and 1 canbe listed inorderrs, ry, r3,....
3. Let the decimal representation of this listing be
™= ().(111(112(1];;(11.;(115(11(; st
o = ().(121dgg(lg;;d'z.;dg;,dg(; ces
r3 = 0.d31d32d33d34d3sdse . . .
4. Form a new real number with the decimal expansuon
where r; = ?é 3 and r; = é =3 Tr=uralareld .o
5. ris not equal to any ofthery, ry, ry,... ecauée it differsfrom r; in its ith position after the

decimal point.

Therefore there is a real number between 0 and 1 that is not on the list since every real number has a
unique decimal expansion.

Hence, all the real numbers between 0 and 1 cannot be listed, so the set of real numbers between
0 and 1 is uncountable.
6. Since a set with an uncountable subset is uncountable (an exercise), the set of real numbers

is uncountable.
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